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NEW EXAMPLES OF PROPER HOLOMORPHIC MAPS AMONG 

SYMMETRIC DOMAINS 

AERYEONG SEO 


1. Introduction 

Let flr^s be a bounded symmetric domain of type I which is defined by 
rir,, ={Z G M{r, S, C) : Ir,r - ZZ* > 0}. 

Here we denote by > 0 positive definiteness of square matrices, by M{r,s,C) the 
set of r X s complex matrices and by Ir,r the r x r identity matrix. Let be a 
generalized ball which is defined by 

Dr,s = , Zr+s] € ^ : \zi\‘^ + ■ ■ ■ + \Zr\"^ > |Zr+l|^ + ' ' ' + |Zt-+s|^}- 

Definition 1.1. (1) Let /, 5 : Hi —?> il2 be holomorphic maps between do¬ 

mains Hi, H2. We say / and g are equivalent if and only ii f = A o g o B 
for some B G Aut(Hi) and A G Aut(H2). 

(2) Let 51, 52 : P” —t be rational maps. We say gi and 32 are rationally 
equivalent if there is a rational map g : P” —>■ P^ such that g is a common 
extension of gi and g2 ■ 


The aim of this paper is presenting a simple way to generate proper monomial 
rational maps between generalized balls and via the relations between generalized 
balls and bounded symmetric domains of type I given in [S], giving new examples 
of proper holomorphic maps between bounded symmetric domains of type I. 

Consider a proper rational map g : Dr,s Dr'^s'- In homogeneous coordi¬ 
nate, put g{[zi,--- ,2;r+s]) = [giG' ‘ ^gr'+s']- Suppose that gi are monomials in 
zi^... ^ Zr+s for each i, 1 < i < r' + s'. Then we can define the homogeneous 
polynomial P : R.’'"''® —>■ R. satisfying 

r' r'-\-s' 

(1-1) P(izip,...,iz,+.n = ^kp- ^ 

k—l k—r'-\-l 


Since g is proper, P(x) 
of the form 

( 1 . 2 ) 


= 0 whenever X)j=i Hence P should be 



r+s 

E 


ii=i 


j=r+l 


Qp{x) 


for some positive integer m and homogeneous polynomial Qp(x). 
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Theorem 1.2. Let g : Dr,r —>■ Dr+i,r+i, (r > 2) be a proper monomial rational 
map. Then g is rationally equivalent to one of the following up to automorphisms 
of D^and . 

(1) In case of degree{g) = 1 : 

g{[zi, ..., Z2r]) = [zi,...,Zr,(l)iz),Zr+i,...,Z 2 r,(l>iz)] where (j){z) is a degree 
one homogeneous polynomial in Zi,, Z 2 r 

(2) In case of degree( 5 ) = 2 : 

(a) g[[zi,Z 2 ,zz,Z 4 \) = ziZ 2 , Z 2 Z 3 , zf, 21 Z 4 , Z 3 Z 4 ] 

(b) g{[zi,Z2,Z3,Z4\) = {z\,\f2z\z2,z\,z\,\f2zj,z/^,z^^ 

(3) In case 0 /degree( 5 ) > 3 : if Qp{x) has degree 1 or, the coefficients of the 
polynomial Qp{x) are nonnegative, there is no proper monomial rational 
map. 

The condition in Theorem ll .21 about Qp are due to combinatorial method count¬ 
ing monomials in expansion of multiplied polynomial. 

The method to characterize proper monomial rational maps originally comes 
from J. P. D’Angelo in [1]. He studied proper monomial holomorphic maps from 
the unit ball to the higher dimensional unit ball via characterizing the polynomials 
which can be obtained by taking Euclidean norm on proper maps. By characterizing 
these polynomials, he obtained complete list of proper monomial holomorphic maps 
from the two dimensional unit ball to the four dimensional unit ball. In this paper, 
we modify this polynomial which is appropriate to proper monomial rational maps 
between generalized balls and characterize the polynomial by counting the number 
of monomials in the polynomial. 

For bounded symmetric domains of rank at least 2, properties of proper holomor¬ 
phic maps are deeply related to special kind of totally geodesic subspaces of given 
domains which are called invariantly geodesic subspaces. These are totally geodesic 
submanifolds with respect to the Bergman metric which are still totally geodesic 
under the action of automorphisms of the compact dual of ambient domain. In¬ 
variantly geodesic subspaces first appeared in [3] as far as the author knows. These 
subspaces play important roles to characterize proper holomorphic maps between 
bounded symmetric domains. Especially N. Mok and I. H. Tsai proved that proper 
holomorphic maps between irreducible bounded symmetric domains preserve the 
maximal characteristic subspaces which are also invariantly geodesic subspaces. 
Based on [an], the rigidity of irreducible bounded symmetric domains have been 
developed and incorporated by Z. Tu [3 [9] and S. C. Ng [3 [6]. Especially, Ng 
[3 found that generalized balls in the projective spaces parametrize the maximal 
invariantly geodesic subspaces of bounded symmetric domains of type I and we use 
this relation to find several examples of proper holomorphic maps between bounded 
symmetric domains of type I. 

Consider the subspaces in Llr,s of the form 

^[A,B] = G ^r,s ■ -dZ = B} 

where A € M(l,r, C), b € M(l,s,C) satisfying [A,B] £ which are totally 
geodesic under the action of SLfr + s,C). These are the maximal invariantly 
geodesic subspaces. For X = [A,B] £ Dr^s, denote A# = Lx- 

For a proper holomorphic map / : Llr.r {x > 2) which preserves 

the maximal invariantly geodesic subspaces, there is a proper holomorphic map 
g : Dr,r —>■ Dr+i,r+i such that /(A^) C ^(A)^ for generic A £ Dr^r- 
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Theorem 1.3. Let f : Llr^r —>■ i^r+i,r+i, (r > 2) be a proper holomorphic map. 
Suppose that / preserves the maximal invariantly geodesic subspaces and an induced 
proper holomorphic map g : Dr^r Dr+i,r+i satisfies the conditions in Theorem 
m Then f is equivalent to one of the following: 


( 1 ) 

( 2 ) 

( 3 ) 




and for some holomorphic map h : —>■ A = {^ G C : |z| < 1}. 



Here is the outline of the paper. Section 2 introduces some basic terminology, 
well-known facts and the invariantly geodesic subspaces. In section 3, we modify 
D’Angelo’s method to proper monomial maps between generalized balls and classify 
the maps which are needed to sort proper holomorphic maps between bounded 
symmetric domains of type I. We count the number of monomials in homogeneous 
polynomial which is multiplied by two homogeneous polynomials. In Section 4, we 
present a way to generate proper holomorphic maps from to and prove 

Theorem II.31 Furthermore we give more examples which are interesting. 


Acknowledgement. The author thanks to professor Ngaiming Mok for introduc¬ 
ing the problem. The author would like to thank professors Sui-Chung Ng and 
Sung-yeon Kim for invaluable advice and discussion on this work. Especially Ng 
first found the map ([3]) in Theorem Ol This research was supported by National 
Researcher Program of the National Research Foundation (NRF) funded by the 
Ministry of Science, ICT and Future Planning(No.2014028806). 


2. Preliminary 


2.1. Basic facts and Terminology. At first, we introduce terminology and some 
facts. For more detail, see [3 [3]. Let Gr,s be the Grassmannian of r-planes in r -|- s 
dimensional complex vector space which is the compact dual of Ltr,s- For X G 
M{r,r + s,C) of rank r, denote [A] an r-plane in C’’"'"® which is generated by row 
vectors of X. For each element Z in Llr^s, there corresponds an r-plane [Ir,r-, Z] G 
Gr,s- This is the Borel embedding of into Gr,s- It is clear that SL{r + s, C) acts 
holomorphically and transitively Gr,s- Denote SU{r, s) the subgroup of SL{r+s, C) 


satisfying M 


0 Is,s 


M* 


0 Is,S 


for all M G SU{r,s). Then 


SU{r,s) is the automorphism group of If we put M = 


A B 
G D 


where 


Ag M{r, r, C), B G M{r, s, C), G G M{s, r, C), D G M{s, s, C), M acts on by 
Z !->• (A-|-ZC')“^(i?-|-ZD). From now on, if we write M = ( ^ ^ ] G SU{r,s), 


^GD 

without ambiguity. A, B, C, D are block matrices of the above form. 


2.2. Invariantly geodesic subspaces in f2r,s- Consider a complex submanifold 
S in Vlr^s- For every g G SL{r + s, C) such that g{S) fl Llr^s 0 , if the submanifold 
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g{S) n ilr,s is totally geodesic in Qr,s with respect to the Bergman metric of fir,®, 
then S is called invariantly geodesic subspace of flr,s- In particular, for W € firms' 

with r' < r and s' < s, the image of the embedding i : Vb i-7> ^ ^ ^ G is 

an invariantly geodesic subspace of ^r,s- The totally geodesic subspaces which are 
equivalent under the action of SU(r, s) to i(nr-,s) in flr.s are called (r', s')-subspaces 
of Among these (r', s')-subspaces, the maximal invariantly geodesic subspaces 
are parametrized by the generalized ball in 

Proposition 2.1 ([5]). The subspaces of the form 

(2.1) L = {Z G :AZ = B} 

where A G M(l,r, C), B G M(l,s,C) satisfying [A, B] G Dr^s are (r — l,s)- 
subspaces. 

For example, in case of invariantly geodesic subspaces 


0 

W 


€ firs : W € fir-1 


A = (1,0,..., 0) G M(l, r, C) and B = (0,..., 0) G M(l, s, C). 
For fir^s and consider the two surjective maps 


(j) : P'-l X fir,s fir,s, i\X],Z) Z 

X fir,s ^ Dr,s, {[X], Z) ^ [X, XZ], 


( 2 . 2 ) 

(2.3) 

For Z G fir,s, denote Z^ = ^/>((/)“^(Z)) C Dr^s- Similarly for X G Br,s, denote 
{X)) C fir,s- and X^ are called fibral images of Z and X 

respectively. Then for Z G fir,s and X = [A, B] G Dr^s where A G M(l,r, C) and 
BgM(1,s,C), 

(2.4) Z* = {[A, AZ] G Dr^s ■■ [A] G P’'”^} ^ P’’”^ 

(2.5) X"^ = {Z G fir^s '■ AZ = B} = (r — 1, s)-subspace 

Proposition 2.2 (cf. [5]). Let f : fir^r flr+i,r+i be a proper holomorphic 
map. Suppose that there is a meromorphic map g : Dr^r L)r+i^r+i such that 
f{X"^) C g{X)"fb for generic point X G Dr^r- Then g is a proper map or f{Z) = 
Z 0 


0 h{Z) 


for some holomorphic function h : 


A. 


3. Proper monomial rational map from Dr.s to Dr '^ s ' 

Let g : Dr^s T)r\s’ be a proper monomial rational map and B, Qp be ho¬ 
mogeneous polynomials defined by HU) and (O. Then Qp has the following 
properties: 

(1) Qp{x) is a homogeneous polynomial which is not identically zero on 

r r+s 


= {xi,... ,air+s) G ^ 


j=l j=r+l 


(2) Qp{x) > 0 whenever Xi > 0 for all i and > Siir+i 
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3.1. Classifying proper monomial rational map from Dr,r to Dr+i,r+i- A 
situation of classifying proper rational maps between generalized balls is different 
from that of classifying proper holomorphic maps between unit balls in [5] since 
there are infinite number of proper rational maps which are same in open dense 
subset. For example, g : 112,2 —t ^ 3 , 3 , [zi, ■ ■ ■, Z 4 ] 1 —>■ [zih, Z 2 h, 0, z^h, 24 / 1 , 0] for any 
holomorphic function h of which is not identically zero on Zl 2,2 are same in open 
dense subset depending on zero set of h. On the other hand, proper rational maps 
which are same in open dense subset induce the same proper holomorphic map 
between corresponding bounded symmetric domains of type I. Hence we consider 
equivalence relation on proper monomial rational maps to incorporate these infinite 
number of rational maps. 

Definition 3.1. Let gi, g 2 '■ ^ pZr+i rational maps. We say gi and g 2 

are rationally equivalent if there is a rational map g : P^r-i p 2 r+i g jg 

a common extension of gi and 52 - 

We may assume that every components of g : Dr,s —t Dr',s' have no common 
factor. 

In the rest of this section, we characterize the induced polynomial P{x) and 
the proper monomial rational maps from Dr,r to Dr+i,r+i to prove Theorem 11.21 
For this aim, we will count the number of monomials of P for suitable Qp. For a 
polynomial A, denote ni{A) the number of monomials with maximal degree in Xi 
of A and n{A) the number of monomials in A. 

Lemma 3.2. For polynomial A = {bixi + • • • + bkXk)"^A with nonzero polynomial 
A, positive integer m and nonzero bi for all i, 1 < i < k, n{A) > X]i=i ^i(A). 

Proof. {biXiY^ times the monomial with the maximal degree of Xi in A cannot be 
canceled. □ 

Lemma 3.3. Let P{x) be a homogeneous polynomial on R.* of the form 

{biXi H-h bkXk)^Qp{x) 

for some positive integer m, nonzero bi for all i, 1 < i < k and homogeneous 
polynomial Qp{x) with nonnegative coeffieients. Then if m>2, n{P) >2k — l. 

Proof. Without loss of generality, we may assume that Qp(x) contain xi variable 
with 61 > 0 and n{Qp) > 2. Let Qp{x) = Ag + AiXi + A 2 x\ + • • • + A^x^ be the 
expansion of Qp{x) with respect to the degree of xi variable where a is the maximal 
degree of Xi in Qp(x), Ai is a homogeneous polynomial without xi variable having 
nonnegative coefficients and Aq and Aq are nonzero. Denote B = b2X2 + - ■ ■ + bkXk. 
Then 

P(x) = AqB’” + xiB"^-\mbiAo + A^B) + • • • + x“+’"A„. 

Note that there are at least k — 1 monomials in AgP™ and 1 monomial in A^. 
Notice that the second term xiP"*“^(m 6 iAo + AiB) is not vanish and has at least 
k—1 monomials. Hence summing up, there are at least 2k — 1 monomials in P 
when m > 2 . □ 

Lemma 3.4. Let P(x) he a homogeneous polynomial on R.^’’ of the form 

(xi H- + Xr — Xr+l — • • • — X2r) Qp{x) 
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for some homogeneous polynomial Qp{x) with nonnegative coefficients and n{Qp) 
> 2. Then 

(1) n{P) > 3r — 1 if r > 2 , 

(2) n(P) >9 if r = S. 

Proof. As in the proof of Lemma 13.31 consider 

P(x) = AqB + a;i(Ao + AiB) + x^i^Ai + A2B) + ■ • ■ + A^xf^^. 

Suppose Ai = 0 but ^ 0 for some — 1. Then the coefficient of xf^^ 

is Ai^^iB and then there exist at least 2r — 1 monomials which cannot be canceled. 
This implies that in this case, n{P) > 4r — 1. Hence it is enough to consider when 
Ai ^ 0 for any i, 0 < i < a. In this case, there are at least 2r — 1 monomials in 
AqB, r — 1 monomials in a;i(Ao + AiB), r — 1 monomials in xl{Ai + A 2 B) and 1 
monomial in A^xf'^^. Hence n{P) > 3r — 1. 

Consider r = 3. We may assume that Ai ^ 0 for all i. Since n{Ai + Ai+i) > 2 for 
all i, it is enough to consider when a = 1. Then P{x) = AqB~\-xi{Aq+AxB)~\-Aix\. 
If Aq = Ai{xi + 2 : 5 + xe), then n(AoB) > 9 and if Aq Ai(a ;4 + a ;5 + xq), then 
n(xi(Ao + AiB)) > 3. Hence n{P) >9. □ 

Lemma 3 . 5 . Let P(x) be a nonzero homogeneous polynomial on {k > 1) of the 
form 

{biXi H-h bkXk)"^{aiXi H-h OkXk) 

for some positive integer m, Oi € M. for i, 1 < i < k and nonzero bi for all i, 1 < 
i < k . Then 

(1) if m> 2 , then n{P) > 2 k — 1 

(2) //to = 1 and n(aiXi + • • • + OkXk) > 2 , then n{P) > 2 k — 2 . 

Proof. We will prove (1). The proof of (2) is similar. 

I 'fYlj _ 1 '\ 

^ 1 > 2 / — 1 number of 

monomials in P. 

Suppose that n(aia;i + • • • + OkXk) > 2. We may assume that oi 7 ^ 0. Put 
A = 02X2 + ■ • • + ttkXk and B = b2X2 H-+ bkXk. Then 

P{x) = B-^A + xiB'^-\mbiA + aiB) + • • • + aix'f+K 

Consider the case mbiA + aiB 7 / 0. Let x be the number of a/s which are zero 
and y be the number of a/s which are nonzero. Then n^B'^A) > y —1 + x{y — 1) = 
—+ {k + 2)y — 1 — k for y, 2 < y < k. At y = 2 the minimum k — 1 appears. 
Hence n{P) > n{B"^A) + n{B^~^{mbiA + aiB)) + n{aix'lf~^^) > 2k — 1. 

If to6iA + aiB = 0, n{B^A) = n{B^+^) = ^ ^ ^ > 2/ - 1. □ 

Lemma 3 . 6 . Let P{x) = (a;i + 2:2 — 2:3 — 2:4) Qp(2;) for Qp{x) = aiXi + 02X2 + 
03X3 + 04X4, Oi G R, i = 1 , 2, 3,4. Suppose that n{P) < 6 and 

(3.1) Qp{x) > 0 whenever 2:1 + 2:2 > 2:3 + X4 and Xi > 0 for aZ/ i, 1 < i < 4, 

then the Qp{x) is one of the following up to multiplication of constants: 

Xl, X2, X3, X4, X1+X3, Xi+2;4, 2:2 +2:3, 2:2+2;4, 2 ;i + 2^2 + 2:3 + 2:4 
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Proof. We prove the lemma case by case. 

P{x) = aixf + 02x1 — 03X3 — 04X4 + (02 + ai)xiX2 + {03 — ai)xiX3 

(3.2) +(03 — a 2 )x 2 X 3 + (04 — ai)xiX 4 + (04 — a 2 )x 2 X 4 — (03 + a 4 )X 3 X 4 

(1) If only one Oi is zero and the others are nonzero, then Qp is Xi for 1 < z < 4. 

(2) If oi = 0 and ^ 0 where 2 < z < 4, then there are monomials, xix^, xf for 
2 < z < 4 which cannot be canceled. Hence 02 = 03 , 02 = 04 , 04 + 03 = 0 
and this is a contradiction. If oj = 0 and Ok 0 for k ^ j, hy the same 
way, this cannot happen. 

(3) If oi = 02 = 0, 03 7 ^ 0, 04 7 ^ 0, then 03 + 04 = 0. This contradicts to the 
condition m- Similarly, there is no Qp for 03 = 04 = 0, oi 7 ^ 0, 02 7 ^ 0. 

(4) If 02 = 04 = 0, oi 7^ 0, 03 7^ 0, then oi = 03 and oi > 0. This case 
corresponds to Qp{x) = Xi + X3 and similarly, cases, {oi = 03 = 0, 02 7^ 
0, 04 7^ 0}, {oi = 04 = 0, 03 7^ 0, 02 7^ 0}, {03 = 02 = 0, oi 7^ 0, 04 7^ 0} 
corresponds to X2 + X4, X3 + X2, xi + X4 respectively. 

(5) If all Oi are nonzero, by (13.11) oi > 0, 02 > 0. Hence at least 3 monomial 
among (03 — oi)xiX 3 , (03 — 02 )x 2 X 3 , (04 — oi)xiX 4 , (04 — 02 )x 2 X 4 should 
be zero. This implies that 01 = 02=03 = 04 . 

□ 


Proof of Theorem 1 1, ill Let 

(xi + * * * + Xy Xy_|_l * * * X 2 r') Qp(.X^ 

be the homogeneous polynomial induced by g for some positive integer m and 
homogeneous polynomial Qp{x). Then P satisfies n{P) < 2r + 2. If n{Qp) = 1, g 
is rationally equivalent to O- Hence we only need to consider when n{Qp) > 2. 

Suppose m>2. Then by Lemma [3.31 and [3.51 n{P) > 4r — 1 > 2r + 2. Hence 
m = 1. On the other hand, by Lemma [3.51 and [3^ zz(P) > 2r + 2 for all r > 3. 
For 771 = 1, r = 2, by Lemma 13.61 

Xl + X2 — X3 — X4, Xi + X1X2 + X2X3 — Xg — X1X4 — X3X4, 

x\ + X1X2 + X1X4 — X4 — X2X3 — X3X4, x\ + X1X2 + X2X4 — X4 — X1X3 — X3X4, 
x\ + X1X2 + X1X3 — X3 — X2X4 — X3X4, Xl + 2 xiX 2 + xf — Xg — 2x3X4 — x\. 

Then the first one induces © and the last one induce the map (1751) . The second 
to fifth one induce the map equivalent to (l 2 al) . □ 

4. Proper holomorphic maps between bounded symmetric domains 

4.1. Construction of proper holomorphic maps from Hy g to Hy/g/. In this 
section, using the relations between (r — 1 , s)-subspaces in Hy_g and projective sub¬ 
spaces (= in Dr^s which is given in [5], we describe the construction of proper 

holomorphic mapping between bounded symmetric spaces of type 1. To consider 
the boundary behavior of 5 , extend 4> and Tp to 

P : P’-l X Tir,s Tir,s, {[X],Z) hA Z 

4> : P"-i X Hy,g ^ Dr,.s, {[X],Z) ^ IX,XZ]. 

For the boundary points, consider the fibral image with respect to this extended 
map. Let z G 9Hy_g. This implies that z satisfies Ir,r — zz^ > 0 and there is a S C’’ 
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such that a{Ir,r — zz*')a^ = 0. Hence z^ may not be contained in dDr^s and 

(4.1) n dDr,B = { [a, az] G Ilr-,s : [a] G P’"~^,aUr,r — zz*)a* = 0} 

On the other hand, for [a, &] G dDr^s where a G M(l,r,C) and h G M(l,s,C), if 
z G [a, 5]^, aa* = bb = az{az) = azl^lf. Hence for [a,b] G dDr,s, [a, C dil.r,s- 

Definition 4.1. For a rational map g : —t Dr',s>, we say rational map g is 

proper if for any point x G dDr^s and open neighborhood U oi x which does not 
intersect the indeterminacy of g, g is proper on [/ O Dr^s- 

Proposition 4.2. Let f : s —>■ be a holomorphic map. Suppose that there 

is a proper rational map g : Dr^s Dr'^s> satisfying 

(4.2) /(-^^) C giX)"^ for generic point X G Dr^g- 
Then f is proper. 

Proof. Let {Zj} be a sequence in Qr,s such that Zj ^ z G dLlr^s- Choose points 
Xj G Z^ and x G dDr^s O z"^ such that Xj —>• x. Then since g{Xj) —^ g{x), 

f{Zj) G f{Xf) C g{Xj)* g{x)* C dnr',s'- Hence / is proper. □ 

Let / : Llr^s Llr'^s' be a proper holomorphic maps which is provided from a 
proper rational map g : Dr^s Dr'^s' satisfying the condition in Proposition 14.21 
Denote g = [ 31 , 52 ] where 31 has r'-components and 32 has s'-components. For 
X = [A,B] G Dr,B and Z G X* i.e. B = HZ. Then f {[A,AZ]*) c g{[A,AZ])* 
and this implies that 

(4.3) gi{[A,AZ])f{Z) = 32 ([H,HZ]) for all H G 

Proposition 4.3. Let 3 = [ 31 , 32 ] : Dr^s Dr\s' be a proper rational map. Let 
f : M{r,s,<C) —>■ M(r',s',C) be a holomorphic map satisfying (14.31) . Suppose that 
for generic points Z G Llr^s, there are r' points {Xi : 1 < i < r'} in such 

that {gi{[Xi, XiZ]) : 1 < i < r'} are independent as r' vectors in C . Then 

f (firms') G1 Llj-f s'. 

Proof. By (14.31) . for Z G flr,s 

g,{[x,,xa]){lr',r' - fiz)f{zy)g,{[x,,xa]r > 0 . 

Hence if {gx{[Xi, XiZ]) : 1 < i < r'} are independent, — f{Z)f{Z)* is positive 
definite. This implies the proposition. □ 

Hence for a proper rational map 3 satisfying the condition in Proposition 14.31 if 
we find a solution of the system of equations (I4H1) . we get a proper holomorphic 
maps by Proposition [121 

Remark 4.4. For a meromorphic map 3 : Dr^s Dr\s’ and a holomorphic map 
/ : Llr^s Llr'^s' satisfying (14.2L put g' a meromorphic map hog 2 oh' for some h' G 
Aut(Zlr,s) and h G Aut(Ilrqs')- Then there is H G Aut(Hf.,s) and H' G Aut(Hj.'_s') 
such that 3 ' and f':=H'ofoH satisfies (14.21) . This is due to the construction of 
(12.21) and for more detail, see [5]. 
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4.2. Proof of Theorem ll.3L Note that two rationally equivalent proper monomial 
rational maps from Dr,r to Dr+i,r+i induce the same proper holomorphic map from 
flj. ^ to j-]_ j—. By Theorem 11.21 there are three possibilities to be g. (j2b|) and 
(l2a]) satisfies the condition in Proposition 14.31 We will only induce the proper 
map (I2ap since calculation of map (I2bl) is similar. Proper rational map is given by 


g[[xi, X2, X3, Xa]) = [xf, X1X2, X2X3, xl, X1X4, X3X4\. Let Z 
Then 


Z3 Zi 


€ 122 , 2 - 


Z* = {[xi , X2, XiZi + X2Z3, X1Z2 + X2Z4] e L>2,2 : [xi, X2] G 
g{[xi, X 2 , xizi + X 2 Z 3 , X 1 Z 2 + X 2 Z 4 ]) = [A, B] where 
A = {xf, X1X2, X2ixiZi + X2Z3)), 

B = {{xiZi + X 2 Z 3 f, Xi{xiZ 2 + X 2 Z 4 ), {xiZi + X 2 Z 3 ){XiZ 2 + X 2 Z 4 )). 


/ Li Ml Ni \ 

Denote f{Z) = j L 2 M 2 N 2 , | then 

y L 3 M 3 N 3 J 

x\Li + X 1 X 2 L 2 + X2{XlZi + X2Z3)L3 
xfMi + X1X2M2 + X2{XiZi + X2Z3)M3 
xINi + X1X2N2 + X2{xiZi + X2Z3)N3 


{xiZl + X 2 Z 3 Y 
Xi{XiZ2 + 3 : 22 : 4 ) 

{xizi + 3:22:3) (3:12:2 + 0:22:4) 


for all [ 0 : 1 , 0 : 2 ] G P^. Hence we obtain ([2]). 

Consider the case o in Theorem ll.2l Suppose that for simplicity suppose that 
g : D 2,2 —>■ D 3 3 is g{x) = Xi. This method can be applied to general r and 
homogeneous monomial linear map g. The induce map / : 122,2 123,3 h^-s the 

form 


^(( 


zi — L Z 2 — M 1 — N 

Z 3 Z 4 0 

L M N 


for some holomorphic functions L,M,N on 122 , 2 - Since 13,3 — f{Z)f{Z) > 0, for 
V = (u, 1, 0) and Z in the Shilov boundary of 122 , 2 , 


0 < V{l 3 , 3 -f{Z)fiZ))V* 

= 1 + - \v{zi -L)+ Z3p - \V{Z2 -M) + Z4p - \v{l - iV)|2 

(4.4) = —+ |Mp + |A^P) + ( hrst order term in v,v) 


As u —>■ 00 , (14.4p tends to — 00 , if one of L, M, N are nonzero at Z. This implies that 
L, M, N should be zero on the Shilov boundary of 122,2 and hence L = M = N = 0 
on 122 , 2 - However in this case / is not a holomorphic map into 123 , 3 . Thus there is 
no proper holomorphic map induced from g with nonzero (j). 

If g{x) = [ 0 : 1 , 3 : 2 ,0, X 3 , 3 : 4 ,0], the induced map / is given by 

^ ( k{Z) h{Z) 


for some holomorphic functions ki,k 2 ,h on 122,2 where k = (^ 1 ,^ 2 )- Then by 
considering / on the Shilov boundary as the same method above, k should be zero. 
Hence / should be of the form [T] in Theorem fOl 
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Remark 4.5. Note that in generally, for one g, there could be several /. However, 
in case of D 2 . 2 , £* 3^3 and ^ 2 , 2 , there is a unique / for each g since the number 
of equations and the number of unknowns are same. 

4.3. More examples. 

Example 4.6. If the difference of dimension gets bigger, then there are infinite 
number of proper holomorphic maps which are not rationally equivalent up to 
the automorphisms. Consider the proper holomorphic maps from D 2,2 to 154 4 . 
As the same method, let Pt(x) = {xi -\- X 2 — — X 4 )Qp{x) where Qpt{x) = 

2^1 + 2^2 + 2^3 + 2^4 — t(x 2 + 2 : 4 ) where 0 < t < 1. Then 

Pt{x) = X 4 + (2 — t)xiX 2 + (1 — t)x\ + tX 2 X 3 — x^ — {2 — t)x 3 X 4 — (1 — t)x1 — tXiX 4 
and the induced proper holomorphic maps are 


gti[zi,Z2, Z3, Z4]) = [zf, \/2 - teiZ 2 , \/l - tZ2, '/iz2Z3, Z3, \/ 2 - ^3^4, \/l - te|, \/t2:i24]. 


This gt satisfies the condition in Proposition 14.31 and gt induces infinite number of 

proper holomorphic maps from ft ■ ^2 2 ^ ^4 4 which is defined by 

(4.5) 


f Zl Z2 

V Z3 Z 4 


( 


^2 




\J 2 - tZiZ 3 
V^-tz 1 
\ Viz3 


\/2 — tZiZ2 
V 2 ^-t , 


/2-t 

V2-t-t 


Z1Z4 + Z2Z3 


y/tz 4 


Z3Z4 


\/l - tel 



0 


Viz 2 \ 



0 / 


Remark 4. 7. m and m are homotopic to each other by g3]) . 


Example 4.8. There are proper holomorphic map / : 122,2 124,4 which has degree 

3 polynomial in components. Let Qp{x) = xf + 2 : 1 X 3 + x§. Then P(x) = xf + 
X1X2 + X1X2X3 + X2X3 — x§ — X1X4 — X1X3X4 — x§X4 and hence 

gi[xi, X2, X3, X4]) = [Xi, X1X2, X1X2X3, X2X3, X3, X1X4, X1X3X4, X3X4]. 


The corresponding proper holomorphic map / : 122,2 —>■ 124,4 is 



( 4 

Z2 

-21-2:2 

zlz2 \ 

V ^3 Z 4 J 

44 

Z 4 

-22-2:3 

Z1Z2Z3 - zlz4 + zlz3Z4 

3 ziZ 3 — 2 ziz| 

0 

0 

Z2Z3 + 2ziZ4 — 22 ;iZ 3 Z 4 


\ 4 

0 

0 

2:32:4 / 


Example 4.9 (Generalized Whitney map). Consider 


Pi.z') — (xi “t“ * * * “t“ X 7 . Xy^i * * * X'p4-s'}(^X4 X7._|_i). 


This polynomial induces the proper meromorphic map g : Dr^s D2r-i,2s-i de¬ 
fined by 

g{[zi, . . . ,Zr,Wl, . . . , Ws]) = [zl, Z1Z2, . . . , ZlZr, W1Z2, ■ ■ ■,WlZr, 

wf, W1W2, .. . , WiWs, Z1W2, ■. ■ 2:irCs]. 
















New examples of proper holomorphic maps among symmetric domains 
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g induces the proper holomorphic map /“' : flr,s —>■ ^ 2 r-i, 2 s-i defined by 


(4.6) 




/ 

^11 

Z 11 Z 12 

... ZiiZis 

Z 12 

.. . Zis 

\ 




.221^11 

Z 21 Z 12 

■ • ■ Z2lZir 

Z 22 

■ • ■ 2:2s 


/ Zii . 

■ ^Is \ 









; - 


ZrlZii 

ZrlZl2 

. . . Zrl ^Is 

Zr2 

■ ■ ■ Zrs 


V 2^1 ■ 

^rs / 


Z 2 I 

Z 22 

Z2s 

0 

... 0 




V 

Zrl 

Zr2 

. . . Zrs 

0 

... 0 

/ 


This is generalized proper holomorphic map of ([2]) : if r = s = 2, Z’" is same with 
([2]) in Theorem 11.31 


Example 4.10. Consider the proper holomorphic maps from 112,2 to 113 , 4 . Let 
Pt{x) = {xi + X2 — xs — X4) Qp{x) where Qp^ (x) = xi + tx^ where 0 < f < 1. Then 
proper rational map gt : Il 2,2 —>■ Ll 3,4 is given by 


gt{[Xl, X2, X3, Xi]) = [xf, X1X2, y/tX2X3, Vtx\, Vtx^x^, \/l - txix^, XiXa], 

The induced proper holomorphic maps ft : 112 ,2 ll 3,4 is given by 

\/iz1 \ftZ\Z2 \/l — tZi Z2 
\/lziZ3 
Z 3 


(4.7) 



^2 ^ 


V ^3 

^4 , 

' \ 


Z4 


0 


0 


Furthermore we can generalize proper holomorphic map (14.71) to Ft : flr,s 
^ 2 r-i, 2 s given by for Z = (z^j)i<i<r, i<j<s, 

(4.8) 




V 


Vizfi 

ViziiZi2 .. 

■ ViziiZis 

\/l - tzii 

.212 

ViziiZ21 

'/iz2lZi2 . . 

■ Viz2lZir 

VI - t^21 

222 

VizilZrl 

ViZrlZi2 . . 

's/tZrlZis 

1 .. 

2r.2 

Z21 

Z22 

Z2s 

0 

0 

Zrl 

Zr2 

• Zrs 

0 

0 


2 : 2 s 


Zrs 

0 


0 


Example 4.11. Consider 

P{x) = {xi-\ - \-Xr -yi - ys){xi H- \-Xr + yi-\ -h ?/s) 

and the induced rational map g : Dr^s Dp^s' where r' = ^r{r + l), s' = |s(s +1) 
defined by 

g{[xi, ...,Xr,yi,.. .,2/s]) = [xl, ...,xl, \/2xiX2, ■ ■ .,\/2XiXj, . . . , \f2Xr-\Xr., 

yl,---, yl, V 2 yiy 2 ,V^ykyi, ■ • ■, V2ys-iys] 
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where i, j, fc and I trace over 1 < i < j < r and 1 < fc < / < s. Then the induced 
proper holomorphic map / : flr,s ^r',s' is 

/ 


Zll ... Zis 


= {M,N) where M = 


V Zrl 


( V^^li 


^2 

‘11 


‘Is 


'^rl 




2=21 


^rs 

yP^Zx^Z^s 


\plZixZxx 


72. 


ZisZi 


N = 


Zl2 


V P^Zr — llZrl . . . V2Zr-lsZrs J 

V2ZikZil . . . V2zxs-lZxs 


p^ZY‘XZr2 

Z11Z22 + 2:12221 

ZilZj2 + ZjiZi2 


^PlZrkZrl 
ZlkZ2l + Z2kZxl 

H” 


\ ^r —ll'2^r2 H“ —12 ■ • ■ ^r — lk^rl H“ ^rk^r — ll ■ ■ • 

Here I trace over I < i < j < r and 1 < A: < ^ < r. 


y/^Zj-s — iZrs 
Zls-lZ2s + Z2s-lZls 

Zis—lZjs H” Zjs—lZis 

Zr — \s — '\.Z'ps “h Z'ps — \Z'p—\g 
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